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Abstract
The Shannon information-entropy uncertainty (in brief as ”information uncertainty”) is used to
analyze the fragments in the measured 140A MeV 40,48Ca + 9Be and 58,64Ni + 9Be reactions. A
scaling phenomenon is found in the information-uncertainty difference of fragments between the
reactions. The scaling phenomenon is explained in a manner of canonical ensemble theory, and
is reproduced in the simulated reactions by the antisymmetric molecular dynamics (AMD) and
AMD + GEMINI models. The probes based on information uncertainty, requiring no equilibrium
state of reaction, can be used in the non-equilibrium system, and bridge the results of the static
thermodynamics models and the evolving dynamical transport models.
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I. INTRODUCTION
The Shannon information entropy theory, which aims to measure the uncertainty in a
random variable qualifying the expected value of the information contained in a message
[1], provides a constructive criterion for setting up probability distributions on the basis
of partial knowledge [2]. Besides its various applications, Shannon information entropy
is introduced in the study of hadron collisions and heavy-ion collisions (HICs), which is
very helpful for measuring the chaoticity in the hadron decaying branching process [3] and
probing the liquid-gas phase transition in nuclear disassembly [4]. Some works dealing with
the information entropy in fragmenting systems can also be found in Res. [5, 6]. With a
slightly difference to the definition of Shannon information entropy for a reaction system,
the Shannon information-entropy uncertainty (In, in brief as ”information uncertainty”) is
introduced to study the information carried by a specific fragment in HICs [7]. The system of
HICs experiences the compressing and the expanding stages, in which nuclear matter changes
from high density to low density and the properties of the nuclear matter are difficult to
be probed. Meanwhile, the probes for nuclear matter in HICs basing on fragments are
mostly model dependent. The measurable fragments in experiments, which carry partial
information of system, can be used to investigate the characteristics of nuclear matter in an
evolving nuclear reaction. Thus it is interesting to learn that the information uncertainty
probes are independent of models, which helps the theoretical and experimental analysis
[7, 8]. In this work, a scaling phenomenon in the information uncertainty of fragments will
be presented.
II. MODEL DESCRIPTION
The In of an event in a system is related to its possibility. In HICs, fragments can be
seen as the independent events in the reaction system, with the possibilities denoted by their
cross sections. Following the definition in Ref. [7], the In of a fragment (I, A) is written as,
In(I,A) = −lnσ(I, A), (1)
with I ≡ N−Z being the neutron-excess of the fragment and σ(I, A) being the cross section.
In one reaction, the difference between the In of isobars differing 2 units in I is,
In(I,I+2,A) = In(I,A) − In(I+2,A). (2)
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FIG. 1. (Color online) Information uncertainty In(I,A) of fragment in the measured 140A MeV
40,48Ca + 9Be [in (a)] and 58,64Ni + 9Be [in (b)] reactions. The results for the symmetric 40Ca
(58Ni) reaction and the neutron-rich 48Ca (64Ni) reaction are denoted by full and open symbols,
respectively.
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FIG. 2. (Color online) Difference of information uncertainty between the (I,A) and (I+2,A) isobars
[In(I,I+2,A)] in the 140AMeV
40,48Ca + 9Be [in (a)] and 58,64Ni + 9Be [in (b)] reactions. The results
for the symmetric 40Ca (58Ni) reaction, and the neutron-rich 48Ca (64Ni) reaction are denoted by
full and open symbols, respectively.
Though In(I,A) defined in Eq. (1) is not exact according to the Shannon information entropy
theory, it is proven that In(I,I+2,A) is correct because of the cancellation of system dependent
parameters in In [7]. In two reactions, the difference of In(I,I+2,A) can be defined as,
∆21In(I,I+2,A) = In2(I,I+2,A) − In1(I,I+2,A), (3)
with indexes 1 and 2 denoting the reactions. The results of ∆21In(I,I+2,A) for the 140A MeV
40,48Ca + 9Be and 58,64Ni + 9Be reactions, which have been measured by Mocko et al at the
National Superconducting Cyclotron Laboratory (NSCL) in Michigan State University [9],
have been reported in Ref. [7]. In this letter, we will study the difference of information
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uncertainty of the fragment with large neutron-excess. In Fig. 1, the In of the measured
fragment is plotted according to I. It is found that In(A,I) increases with I in the reactions,
and In(A,I) also depends on A. In addition, In(I,A) depends on the asymmetry of reaction
system.
III. RESULTS AND DISCUSSION
In Fig. 2, In(I,I+2,A) between the isobars are plotted. In the
40Ca reaction, from I = 0
to 4, the trends of In(I,I+2,A) change from decreasing to increasing with the increasing A,
and In(I,I+2,A) for the I = 2 fragment chain becomes relative consistent. Similar changes
are observed in In(I,I+2,A) for the
58Ni reaction. In(I,I+2,A) decreases with the increasing A
in the neutron-rich 48Ca and 64Ni reactions.
In Fig. 3, ∆21In(I,I+2,A) between the
48Ca and 40Ca (for simple, denoted as 48Ca/40Ca)
reactions, and that between the 64Ni and 58Ni (denoted as 64Ni/58Ni) reactions (the index 1
for the neutron-rich system and 2 for the symmetric system) are plotted in panels (a) and (b),
respectively. The shadowed areas in the figure illustrate the ranges in which ∆21In(I,I+2,A)
forms plateau. The plateaus have the values of -1.9 ± 0.3 and -1.2 ± 0.4 in (a) and (b),
respectively. The ∆21In(I,I+2,A) for the
48Ca/40Ca reactions are much more consistent than
those for the 64Ni/58Ni reactions. Some similar results have been shown in Ref. [7].
For fragments with larger neutron-excess, similarly to the definition in Eq. (2), the
difference of In between isobars differing 4 units in I, In(I,I+4,A), can be defined as,
In(I,I+4,A) = In(I,A) − In(I+4,A), (4)
and In(I,I+6,A) is defined as,
In(I,I+6,A) = In(I,A) − In(I+6,A). (5)
From Eq. (4), one can define the difference of In(I,I+4,A) between two reactions as,
∆21In(I,I+4,A) = In2(I,I+4,A) − In1(I,I+4,A). (6)
And from Eq. (5), one can define the difference of In(I,I+6,A) between two reactions as,
∆21In(I,I+6,A) = In2(I,I+6,A) − In1(I,I+6,A). (7)
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FIG. 3. (Color online) ∆21In(I,I+2,A) = In2(I,I+2,A)−In1(I,I+2,A)] between: in (a) the neutron-rich
48Ca and the symmetric 40Ca reactions, and in (b) the 64Ni and 58Ca reactions.
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FIG. 4. (Color online) The same as Fig. 3 but for ∆21In(I,I+4,A).
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FIG. 5. (Color online) The same as Fig. 3 but for ∆21In(I,I+6,A).
∆21In(I,I+4,A) and ∆21In(I,I+6,A) tell the difference between In of fragments with larger
neutron-excess. The ∆21In(I,I+4,A) and ∆21In(I,I+6,A) for the
48Ca/40Ca and 64Ni/58Ni re-
actions are plotted in Fig. 4 and Fig. 5, respectively. The trends of the ∆21In(I,I+4,A)
and ∆21In(I,I+6,A) are similar to those of ∆21In(I,I+2,A). The plateau also appears in
∆21In(I,I+4,A) for both of the reactions, but disappears in ∆21In(I,I+6,A) for the
48Ca/40Ca
reactions. The ∆21In(I,I+4,A) [∆21In(I,I+6,A)] for fragments with different I are consistent
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for the reactions. It is found that the plateau of ∆21In(I,I+4,A) is almost twice that of
∆21In(I,I+2,A). It is interesting if ∆21In(I,I+2,A), ∆21In(I,I+4,A) and ∆21In(I,I+6,A) have a
simple relationship. To see the systematic behavior of ∆21In(I,I+m,A) (m = 2, 4, and 6), a
scaling parameter (S∆21In) is defined as,
S∆21In = ∆21In(I,I+m,A)/(m/2), m = 2, 4, 6, · · · (8)
The results of S∆21In for the
48Ca/40Ca and 64Ni/58Ni reactions are plotted in Fig. 6. From
Fig. 6(a), it is seen that, with different m, S∆21In for the
48Ca/40Ca reactions is well scaled.
In Fig. 6(b), similar scaling phenomenon for the 64Ni/58Ni reactions can be found, but the
range of S∆21In for isobars is a little larger than that for the
48Ca/40Ca reactions.
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FIG. 7. (Color online) The S∆21In for the
64Ni/58Ni reactions calculated by AMD [in (a)], and by
AMD + GEMINI [in (b)]. The shadowed area is experimental plateau range, which is the same as
that plotted in Fig. 6(b).
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It is interesting to know what physics is behind the S∆21In scaling phenomenon. We
would like to recall the isoscaling phenomenon of fragments in HICs [10]. The isoscaling
phenomenon has been explained using many models, such as the statistical equilibrium
approach [11], the canonical ensemble theory [12, 13], or a dubbed m-scaling in the Landau
theory [14], which all require the thermal equilibrium of system. The isoscaling parameters
are related to the chemical potential difference between neutrons or protons, the symmetry
energy, or the nuclear density of the reactions [10, 14–19]. In a recent work, ∆21In(I,I+2,A) has
been explained as the meaning of the isobaric yield ratio difference (IBD) probe developed
in the framework of canonical ensemble theory [7]. In the canonical ensemble theory, σ(I, A)
is written as [12, 13],
σ(I, A) = CAτexp{β[−F (A, I) + µnN + µpZ]}, (9)
where C is a system-dependent constant; β is the reverse temperature; µn (µp) is the chemical
potential of neutrons (protons) varying with the asymmetry of reaction system; F (A, I) is
the free energy of fragment. In the isobaric yield ratio, some terms depending on the
asymmetry of the reaction system can be cancelled out [20–26]. Replacing In(I, A) by
σ(I, A), the following equations can be obtained,
∆21In(I,I+2,A) = β[µn1 − µn2 − (µp1 − µp2)], (10)
∆21In(I,I+4,A) = 2β[µn1 − µn2 − (µp1 − µp2)], (11)
∆21In(I,I+6,A) = 3β[µn1 − µn2 − (µp1 − µp2)], (12)
· · ·
In Ref. [7], the relationship ∆21In(I,I+2,A) = −∆(βµ)21 has been illustrated, in which the
IBD-∆(βµ)21 reflects the nuclear density or chemical potentials of neutrons (protons) for
the reaction system [25–30]. Eqs. (10), (11), and (12) can be summarized as,
∆21In(I,I+m,A) = (m/2)× β[(µn1 − µn2)
− (µp1 − µp2)], m = 2, 4, 6, · · · (13)
∆21In(I,I+m,A) thus represents the difference of µn and µp between the two reactions, which
is related to the densities of neutrons and protons and nuclear symmetry energy [10, 17,
18, 27, 28, 30]. If µn (µp) or nuclear density is uniform, a perfect S∆21In scaling can be
expected. Then S∆21In scaling reflects the degree of uniform of the nuclear matter in the
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reaction systems. For the 48Ca/40Ca reactions, S∆21In shows a better scaling phenomenon
than that for the 64Ni/58Ni reactions.
To further study the S∆21In scaling theoretically, the antisymmetric quantum dynamics
(AMD) model [19, 31–33] plus the sequential decay code GEMINI [34] are used to simulate
the 140A MeV 58,64Ni + 9Be reactions. The standard Gogny (Gogny-g0) interaction [35] is
used in the AMD simulations. The fragments are formed with a coalescence radius Rc =
5 fm in the phase space at t = 500 fm/c [25, 29, 36]. Since no global equilibrium can be
obtained in transport models, it is not safe to use the thermodynamics probes directly in the
AMD simulations. But the information uncertainty probe does not require an equilibrium
system, which still can be used in the reactions simulated by the AMD model. The S∆21In
for the simulated 64Ni/58Ni reactions are plotted in Fig. 7, which has a similar distribution
as that for the measured 64Ni/58Ni reactions. For the AMD + GEMINI simulated reactions,
the S∆21In shows a better scaling phenomenon compared to that for the AMD + GEMINI
simulated reactions since there is a larger fluctuation in the AMD results. It is known that
the decay process will influence the results [20]. Meanwhile, the plateaus of S∆21In in the
measured reactions is also reproduced in the simulated reactions, which are illustrated in the
shadowed areas. It can be concluded that the AMD (+ GEMINI) simulations well reproduce
the scaling phenomenon in S∆21In.
It should be stressed that the concept of information uncertainty, which does not require
an equilibrium system, can be used both in the thermodynamic models and the transport
models. Having a similar form to the thermodynamic probes, the information uncertainty
probe has the advantage to extract information of evolving reaction and can be directly
compared to the final state of the reaction, which corresponds to simulation of the thermo-
dynamic models. The information uncertainty probe bridges the results of transport models
and thermodynamic models by avoiding the abrupt use of the thermodynamic probes, which
sheds new light on the researches in HICs.
IV. SUMMARY
To summarize, the Shannon information-entropy uncertainty is used to study the products
in HICs. By defining the difference of information uncertainty between two reactions, a
scaling phenomenon of S∆21In is found in the fragments of the
48Ca/40Ca and 64Ni/58Ni
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reactions. The S∆21In scaling is explained by the concept of the canonical ensemble theory,
which indicates that S∆21In reflects the properties of nuclear matter in HICs. In addition, the
S∆21In scaling is also proven in the simulation of the 140AMeV
58,64Ni + 9Be reactions by the
AMD (+ GEMINI) models. The probe for nuclear matter based on information uncertainty,
which has a similar form as the thermodynamic models, can be used in the non-equilibrium
system in the dynamical process, and connect the results between transport models and
thermodynamics models.
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